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Banach spaces contain convex sets having pathological sets of extreme points. 
1. INTRODUCTION 
We give several examples of convex subsets of Banach spaces with pathological 
sets of extreme and exposed points. We explain the relations of these examples to 
known results. 
Example 1 is a relatively compact convex g8,-set in I, , whose sets of extreme 
and exposed points are not Bore1 sets. 
Example 2 is a closed bounded convex subset K of a nonseparable Banach 
space X, and an open subset of X, which meets the set of extreme points of K 
in a set F, that can be chosen to be homeomorphic to any preassigned subset of 
the circumference of the unit circle in the plane. 
Examples 3 and 4 are closed bounded convex subsets of II and of cO , respec- 
tively, whose sets of extreme and exposed points are neither Bore1 nor even 
analytic sets. 
Example 5, similar to Example 1, is a relatively compact convex 9$,-set in I, , 
whose set of extreme points is not a Bore1 set. 
We first explain the significance of Examples 3 and 4. Let K be a convex 
subset of a Hausdorff locally convex space X. Suppose that K is an analytic set, 
i.e., a continuous image of some complete separable metric space. Consider the 
continuous map f: K x K + K, defined by f(x, y) = $(x + y). Then the set 
b(K) of extreme points of K is just the complement, with respect to K, of the set 
f((K x K)\4 h w ere d = {(x, x) 1 x E K}. As K x K is analytic, there is a 
complete separable metric space E, and a continuous surjection g: E -+ K x K. 
Then g-l(d) is a closed subset of E, and 
fW x K)\4 = fkVW1(4N~ 
being the continuous image of an open subset of E, is an analytic set. Hence d’(K) 
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is the difference between two analytic sets, and so, as has been noted by Bourgin 
[20, Prop. 2.11, is measurable for every Bore1 measure on X (Szpilrajn- 
Marczewski [17] or see [12]). Note that 
(K x K)\d = g(E\g-V)) 
is also analytic and so is Lindeliif. As X is regular, the open set (relative to 
K x K) 
(K x K)\d 
is an %-set. Hence, if K is o-compact, as well as analytic, (K x K)\d is also 
u-compact, as is f((K x K)\d). S o, in this case, b(K) is a YO-set in K and a 
$&-set in X. In particular, if K is a convex ZO-set in a Banach space, the extreme 
points of K form a B8-subset of K. 
Again, if K is a convex Bore1 set in a separable Banach space, and for each x 
in K, the set K n {(-K) + 2x} is u-compact, the extreme points of K form a 
Bore1 set. To see this consider the homeomorphism of X x X onto itself, 
defined by 
0, Y> = (x9 2x - Y)- 
Let d be the diagonal in X x X. As K is a Bore1 set in X, the set 
B = $(K x K) n {(K x K)\d}, 
is a Bore1 set in X x X. For each x in K, the set of points z with (x, z) E B is 
just the set of points z, for which, there is a y with 
YEK 2x-y=zcK and z # x, 
i.e., the set 
[Kn H--K) + 2xN\W. 
Thus B has u-compact sections. By the Kunugui-Arsenin theorem, (see [19]), 
the set K\Proj,B of extreme points of K is a Bore1 set. 
At the recent Durham Symposium on Convexity, R. R. Phelps repeated the 
question, asked previously by Bourgin [20, p. 3281, whether the set of extreme 
points of a closed bounded separable convex subset of a Banach space need be a 
Bore1 set. In a separable reflexive Banach space, every closed bounded convex set 
is compact and metrizable in the weak topology. Thus the extreme points of K 
are a pa-subset of K in the weak topology and so also in the norm topology. 
Examples 3 and 4 show that this does not extend, even if the “~O-subset” is 
replaced by the “Bore1 subset,” to the separable (but nonreflexive) spaces Zr and 
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c, . This answers the question. Indeed, James [8] has shown that a Banach 
space with an unconditional basis is nonreflexive, (if and) only if it contains 
either a subspace isomorphic to Zr or a subspace isomorphic to c, . Bessaga and 
Pelczynski [3,4] have extended this result to Banach spaces, which are isomorphic 
to subspaces of Banach spaces with unconditional basis; and Tzafriri [18, 
Theorem 181 has extended it still further to Banach spaces, which are isomorphic 
to subspaces of a-complete and u-order continuous Banach lattices. Thus 
examples of the type of Examples 3 and 4 will exist in this wide class of non- 
reflexive Banach spaces. As James has shown [8], there are nonreflexive separable 
Banach spaces that are not of this type. Nevertheless, we conjecture that a Banach 
space is nonreflexive, only if it contains a closed bounded convex set, with its 
extreme forming a set that is not Borel. 
The space Zr has the Radon-Nikodym property, and so G. A. Edgar’s Choquet- 
type integral representation theorem [21] applies, and shows, in particular, the 
existence, on each nonempty closed bounded convex subset of Zr , of regular 
Bore1 probability measures that assign measure 1 to the (measurable) set of 
extreme points. Example 3 shows that, even in this situation, the extreme points 
need not form a Bore1 set, and the full depth of Edgar’s treatment is necessary. 
James [9, Theorem 4(iii)] has proved that a Banach space is nonreflexive, 
(if and) only if it contains two closed bounded convex sets, whose convex hull 
is not closed. In Examples 3 and 4 (see Remark (b) following Example 3) we 
obtain pairs of closed bounded convex sets both in lr and in c,, , whose convex 
hull is not Bore1 (although necessarily analytic, since the convex hull of an analytic 
set is analytic). We conjecture that a Banach space is nonreflexive, only if it 
contains two closed bounded convex sets, whose convex hull is not Borel. 
We recall some definitions. Let K be a convex set in a real Banach space X. 
Let X* be the space of continuous linear functionals on X. A point k of K is 
said to be an exposed point of K, if there is an x* E X*, with (( x* I/ = 1, such 
that 
{k} = K n (X E X 1 (x, x*) = M(x*, K)}, 
with 
A!qx*, K) = sup{(x, x*> 1 x E K). 
If x* E X*, /I x* /I = 1, p > 0, then 
S(x*, p, K) = {x E K I (x, x*) > M(x*, K) - p} 
is called an open slice of K associated with x *. A point k of K is said to be strongly 
extreme, or a denting point, if the slices of K that contain k form a base for the 
neighborhoods of k in K. A point k of K is said to be strongly exposed, if there is 
an x* E X* with 11 x* 11 = 1 such that the slices of K, that contain k and are 
associated with x*, form a base for the neighborhoods of k in K. 
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We remark that, if K is any convex set in any Banach space X, the set of 
strongly extreme points of K, being the intersection, for n = 1, 2,..., of the 
union of the open slices of K having diameter less than l/n, is a B,-subset of K. 
Thus the extreme points of our examples will not all be strongly extreme. 
Choquet et al. [5, Theorem 1 .l] have shown that the set of exposed points of a 
closed convex subset of a finite-dimensional space is a Bore1 set. This extends to 
any convex Bore1 set in a finite-dimensional space. Let IZ 3 2, and let K be a 
convex Bore1 set in [w” with o as an inner point. Let A, X, Y be copies of [w”. 
Consider the sets in A x X x Y defined by 
T = lb, x, Y> I(x, a> = 1 & (Y, a> = 11, 
u = ((a, x, Y) I Y > 4, 
L = {(a, x, Y) I Y < 4, 
with y > x meaning that y exceeds x in lexicographic order. Further write 
P = {Proj,xr(A x K x K) n T n U} u {Proj,&A x K x K) n T n L}, 
Q = Proj,{A x K\P}. 
NOW the projection on [w” of a Bore1 set in iw” x R? with convex sections is 
a Bore1 set. This follows from the Kunugui-Arsenin theorem (see [19]), as a 
nonempty convex set in [w” necessarily meets some, suitably chosen, open set in 
a nonempty u-compact set. Hence P is a Bore1 set. Now (a, x) belongs to 
(A x K)\P, if, and only if, x is the sole point of K in the plane y . a = 1. So 
(A x K)\P has convex A-sections and the set Q of exposed points of K is a 
Bore1 set. 
Choquet et al. have also shown [5, Corollary I.121 that the set of exposed points 
of a weakly compact convex subset of a Banach space, with a separable dual 
space, is an analytic set in the weak topology. (Note that their concept of an 
analytic set is only apparently different from ours.) We note that, if A is an 
analytic set in the weak topology of a separable Banach space X, then A is a 
Souslin-9 set in the weak topology, and so also a Souslin-9 set in the norm 
topology, and so also, as X is separable, an analytic set in the norm topology. 
Hence, if K is a closed bounded convex set in a separable reflexive Banach space 
X, then K is weakly compact, and the set of exposed points of K is analytic in 
the weak topology, and so also analytic in the norm topology. Perhaps, in these 
circumstances, the set of exposed points is always a Bore1 set. Our Examples 3 
and 4 show that, in general, the exposed points will not form even an analytic 
set in the norm topology, when X is nonreflexive. 
Choquet, Corson, and Klee ask [5, Problem 1.141 whether the set of exposed 
points of a compact convex set K in a Banach space X is always an analytic set, 
or even a Bore1 set. We show that the exposed points of a compact convex set K 
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in a Banach space X do always form an analytic set; we should be very surprised 
if they always form a Bore1 set. Let K be a convex x,-set in a Banach space X. 
Then the closed linear span of K is separable. So we may suppose that X is a 
separable Banach space. We may further suppose that the origin o of X is the 
midpoint of two distinct points of K. Let X* be the dual of X, and let Y denote 
X* taken with its weak* topology. Then the unit ball B* of X* is weak* compact, 
so that Y is a u-compact space. Consider, for M > 0, the set 
L(M) = (lx, Y) I (x, Y> = 1 &II Y II < W 
in X x Y. This set is closed as the map (x, y) --+ (x, y) is’ continuous on the set 
II Y II < M since 
1(x, Y> - (X’? Y’)l e I<x, Y - Y’)l + II Y’ II * II x - x’ IL 
for (x, y), (x’, y’) in X X Y. 
Hence the set 
L = 6 Y) I (x, Y> = 11 
is an FO-set in X x Y. As K and Y are u-compact, the set 
H = {(x, x’, y) 1 x E K & x’ E K & (x, y) = 1 & (x’, y) = 1 & x # x’} 
isa%=-setinX x X x Y;andtheset 
J = {(x,Y) Ix~K&(x,y) = 11 
is a SO-set in X x Y. Projecting out the x’-coordinate, 
Proj,x,H 
is a .%$-set in X x Y, so that 
is an analytic set in X. But, by our choice of o, this set is just the set of exposed 
points of K. 
Choquet et al. also show [5, Corollary 1.121 that, if K is a bounded convex 
analytic subset of a Banach space X with a separable dual space, then the set of 
strongly exposed points of K is an analytic set. In these circumstances, the analytic 
set of strongly exposed points is contained in the B,-subset of K consisting of the 
strongly extreme points of K, which is itself contained in the set of the extreme 
points of K, which is coanalytic relative to K. 
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The examples also show that several properties of convex Bore1 sets in finite- 
dimensional spaces do not hold in infinite-dimensional spaces. In [ 131 it is shown 
that, if K is a convex Bore1 set in a finite-dimensional space X and P: X + X 
is a projection, then P(K) is also a convex Bore1 set. Now, if X, Y are finite- 
dimensional spaces, K in X is a convex Bore1 set andf : K -+ Y is an affine map, 
thenf can be expressed as the restriction to K of the composition of a translation 
in X, a projection of X onto one of its linear subspaces L, a one-to-one continuous 
linear map of L into Y and a translation in Y. It follows that f(K) is a convex 
Bore1 subset of Y. We can also obtain a Bore1 measurable selection function forf; 
that is, there is a Bore1 function g: f(K) -+ K such that f o g(x) = x for all x in 
f(K). This can be obtained directly from the existence of such a Bore1 selection 
function for a projection onto a subspace of codimension 1 (see [13]). Such 
results do not hold in Z, , as Example 1 (see Remark (c)) shows the existence of a 
convex 9,,-set in 1, with an orthogonal projection that is not a Bore1 set. 
As noted above, in I, (and in any separable reflexive space) the set of extreme 
points of every closed bounded convex set is a g8-set in I, . The same argument 
extends to show that any convex subset of la , which is the countable union of 
closed convex subsets of Za , has a relative %,-set for its set of extreme points. 
Examples 1 and 5 are relatively compact convex 9JaV- and F&-subsets of Za with 
non-Bore1 sets of extreme points. We leave unresolved the questions of whether 
or not the set of extreme points of a convex g8-set, or of a general convex 
FO-set in I, , is a Bore1 set. 
Note that in an n-dimensional space X, with n finite, the extreme points of 
a convex Bore1 set K do form a Bore1 set. To see this, note that the map 
f : X x X + Xdefined byf(x, y) = 4(x + y) * 1 1s inear, and that the complement 
of the set of extreme points of K is the finite union of Bore1 sets 
iQ km+) “m-N> 
where B,+ and Bi- are the convex Bore1 sets 
Bi+ = {(X, 3’) 1 X E K& y E K& Xl = yl ,..., xiv1 = yivl , xi > yi}, 
Bi-=((x,y)IxEK&yEK&xl =yl,...,~i-~ =Y~-~,x~ <YJ, 
i = 1, 2 ,..., n. 
In [13] it is proved that the convex hull of two convex Bore1 sets in a finite- 
dimensional space is a Bore1 set. In [l I] L arman, gives an example of two convex 
Bore1 sets, in a separable Banach space, whose convex hull is not a Bore1 set; he 
conjectures that there should be two closed convex sets whose convex hull is not 
a Bore1 set. In Example 3, Remark (b), we construct two closed bounded convex 
subsets of Zi whose convex hull is not Borel. Similar sets can be constructed in 
c, from Example 4. Using the mapping technique described in Example 5 (see 
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Remark (a) following Example 5), we conclude that a Banach space is infinite- 
dimensional, if, and only if, it contains two (bounded) convex relatively compact 
FC,-sets, whose convex hull is not Borel. This contrasts with James’ result, 
mentioned above, that a Banach space is nonreflexive, if, and only if, it contains 
two closed bounded convex sets, whose convex hull is not closed. 
Finally, if X is a finite-dimensional space, since the map 
defined by 
yxxxx~x 
94x, Y) = x + Y 
is linear, it follows by an argument used above, that the vector sum of two 
convex Bore1 sets is a Bore1 set. Similarly the difference set, 
lx - Y I x, Y E a 
of a convex Bore1 set K in a finite-dimensional space is a Bore1 set. These results 
do not hold for nonconvex Bore1 sets, even on the line (see [15, 16, 71, or [14]). 
Further Larman [l l] has given an example of two bounded convex Bore1 sets in 
a separable Banach space whose vector sum is not Borel. The same mapping 
technique as above applied to Larman’s example allows us to conclude that a 
Banach space is infinite-dimensional, if, and only if, it contains two (bounded) 
relatively compact convex Bore1 sets whose vector sum is not Borel. This con- 
trasts with James’ result [9, Theorem 4(ii)] that a Banach space is nonreflexive, 
(if and) only if it contains two closed bounded convex sets, whose vector sum is 
not closed. 
Note added April 1976. In an additional’section we obtain some positive 
results, showing, in particular, that the set of extreme points of a closed bounded 
convex set in the positive cone of I, , 1 < p < co, or in the positive cone of c,, , 
is necessarily a g8-set. We have also incorporated into the introduction the 
paragraphs, concerning the extreme points of a convex Bore1 set K with the sets 
K n {(--K) + 2x} u-compact, and concerning the exposed points of a convex 
Bore1 set in [w”. We have, at the same time, made use of some helpful suggestions 
of the referee. 
2. THE EXAMPLES 
In this section we construct the examples discussed in Section 1. Before we 
describe the more complicated examples, it will be convenient to construct a 
very simple preliminary three-dimensional example; all the subsequent examples 
will then appear as modified forms of this simple example. 
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EXAMPLE 0. Thue is a set in R3, that is the convex hull of a g6-set, and whose 
set of extreme points is not a Bore1 set. 
Construction. We take B to be a 3,,-set, contained in the rectangle 
0 < e < 27r, O<t<1, 
of the (0, t)-plane, with the property that the projection N of B on the line 
t = 0 is not a Bore1 set see [lo, p. 4601 or [22, p. 2541. We take 
K=DuE, 
where D is the “diametral” set of points in lR3 of the form 
(cos 8, sin 0, 0), 0 d e < 2T, 
and where E is the “generator” set of points in R3 of the form 
(COS 8, sin 8, At), 
with 
(e, t) E B. 
Clearly K is a 9,+et in R3. We show that the set of extreme points of the convex 
hull, conv K, meets the set D in the set of points of the form 
(COS 8, sin 8, 0) with 0<0<2r, 0$N. 
IfolEN,thenthereisatwithO<t<l,and(ol,t)EB.So 
(cos a, sin 01,O) = +(cos 01, sin 01, t) + $(cos 01, sin 01, -t), 
with 
(cos 01, sin a, &t) in K, 
so that (cos 01, sin (Y, 0) is not an extreme point of conv K. On the other hand, 
if ti 4 N, 0 < CL < 2~, then the point (x, y, x) = (cos IX, sin (Y, 0) of K satisfies 
xcosol+ysinol = 1. 
But every other point of K has the form (cos 8, sin 8, t), with 0 # OL mod 2~7, 
so that 
cosecosd+sinBsinor =cos(e-aor) < 1. 
Hence, every point (x, y, x) of conv K, other than the point (cos (II, sin 01,0), 
satisfies 
xcosol+ysinf3 < 1. 
THE EXTRRMAL STRUCTURE OF CONVEX SETS 259 
Thus (cos 01, sin 01, 0) is an exposed point, and so an extreme point of conv K, 
when 014 N, 0 < ol < 27~. We conclude that the set of extreme points (and 
equally the set of exposed points) of conv K meets the closed set D in the set of 
points of the form (cos 0, sin 8, 0) with 19 4 N, 0 < 0 < 2?~, a set which is not a 
Bore1 set, as N is not a Bore1 set. This completes the construction. 
Remark. In this example, the set of exposed points is not a Bore1 set. 
There is no room in R3 to modify the set produced in Example 0 to obtain a 
convex g8-set with the same property. Our next example is obtained by a process 
of lifting the set of Example 0 up into Hilbert space, then adding just enough 
points to ensure that it is convex, at the cost of making it a g8,-set, but without 
losing its property of having a non-Bore1 set of extreme points. 
EXAMPLE 1. There is a convex Qb,-set in I2 , whose extreme points do not form 
a Bore1 set. 
Construction. As in Example 0, we take B to be a g6-set contained in the 
rectangle 
0 < 9 < 297, O<t<l, 
whose projection N on the line t = 0 is not a Bore1 set, but in this case, for 
technical reasons, we suppose B to be contained in the smaller rectangle 
0 < e < 27l, +<t<g 
Our example K will be the least convex set containing the union 
CuDuE, 
where C is a “core” set, D is a “diametral” set, and E is an “edge” set. 
For - 1 < t < 1 we use (x, y, 4(t)) to denote the point 
(x, y, t, t3, P, t’,...) 
in la . Let @ denote the closure of the convex hull of all points of the form 
(0, 0, zt 4(t)) with t = 0 or Q < t < 8. 
We take C to be the set of all points of the form 
with 
6% Y, 0, a O,...) + z 
xZ+yB<l and ZE@. 
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Then C is the intersection of open convex cylinder of points (x, y, 0, 0, O,...) + z, 
with x2 + y2 < 1, and of the closed convex cylinder of points (x, y, 0, 0, O,...) + x 
with z E Qb, and so it is a convex S’*-set. 
We take D to be the set of all points 
(x, Y, 090, O,...) 
x2+y2 = 1. 
Then D is closed. 
We take E to be the set of all points of the form 
(~0s , in 4 +4(t)), 
with (6, t) in B. We shall see that E is a ‘S8-set. 
The set K, being the least convex set containing C u D u E, consists of all 
finite convex combinations of points, lying in C u D u E. If such a convex 
combination makes essential use (i.e., uses with a positive multiplier) of a point 
(x, y, z) with x2 + ys < 1 or of two points (cos 19, sin 6,) 4(Q), (cos 6, , 
sin 0, , +(t2)) with 0 < 0, < 8, < 27~, the convex combination lies in C. Hence 
K = C u R, where R is the “ruled” set 
R = U W), 
Oq3<28 
and R(B), for 0 < 8 < 2~, is the set of all finite convex combinations of points 
of the form 
(COS 8, sin 8, 4(t)) 
with t = 0, (8, t) E B, or (8, -t) E B. As a convex combination involving both 
a point of the form 
(COS e, sin 8, 4(t)) 
and the corresponding point 
(COS e, sin 8, +(-t)) 
can be replaced by a convex combination involving at most one of these points 
together with the point 
(COS 8, sin 8, 0, 0, 0 ,... ), 
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it follows that each point of R(0) has a representation of the form 
go ucos 4 in 4W), 
with 
(2.1) 
0 <ho 6 1, O<h,,O<X, )..., O<h,, ho+h,+--+h,=l, 
0 = t, < I t1 I < I t, I < e-e < I t, I, (4 I ti I) E B, 1 < i < k, (2.2) 
for some integer k > 0. 
Hence 
R= (jRk, 
k=O 
with RI, the set of all points of the form (2.1) with 0 < 8 < 277 and with 
& & , x1 9-*-f hk, tO, tl ,.**, tk satisfying (2.2). When k = 0, the set R. is the set 
of all points (cos 0, sin 8,0, O,...) with 0 < 19 < 27r. So R, is just the closed set D. 
Now suppose that k >, 1. Let B, be the set of all points in IR~~+~ of the form 
(2.3) 
satisfying 0 < 8 < 2rr and the conditions (2.2). Then B, is the set of points of the 
form (2.3) satisfying the conditions 
-(l/n) < 8 < 27r, 
-(l/4 < x0 < 1 + (l/4, 0 < Al , 0 < A, ,..., 0 < A, ) 
l - (lln) < &, + A1 + “’ + Al, < 1 + (l/n), 
-U/n) < to < (l/4, 
0 < 1 t, 1 < 1 t, 1 < ‘*- < 1 tk 1 < 1, (4 I ti I) EB, 
for all integers n > 1. As B is a 9,-set, it follows that B, is a 9,-set, for each 
k 2 0. 
We define a map &+ from RZk+3 to 1, by 
+k(& hO , Al ,--*, hk , tO > t, ,**-, tk) = f i&(cos 0, sin 8, #(ti)), 
d=O 
for all points of R2k+3 with 
IhI x1, O<i<k. 
Then +k is well defined as a point of 1, and is continuous at each point of its 
58=‘/26/3-4 
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domain of definition. We show that & is a one-one map on the set Tk of points 
satisfying the conditions 
0 < e < 2rr, 
0 <Al < 1, O<h,,O<h, ,..., O<h,, h,+hr+***+X,=l, (2.4) 
0 = to < I t1 1 < / t, 1 < *** < / t, 1 < 1. 
Suppose that we have 
j. ucos 4 sin 0, +(ti)> = i P&OS x, sin x, b(h)), (2.5) 
¶A0 
with 
Ofx<27r, 
0 <PO < 1, 0 < P1r 0 < p2>-v 0 < CLK, po + PI+ *** + pk = 1, (2.6) 
O=s,<1s,I<Is,I<...<Is,I<l, 
in addition to the conditions (2.4). Comparing the first two coordinates in (2.5), 
we have 0 = x. Comparing the (j + 2)th coordinate we have 
Dividing both sides of (2.7) by max{l tk I, I Sk 1}2+1, and letting j 
have 
it,\ = iskI, 
and 
AK sign t, = pFLR sign sk . 
(2.7) 
o3, we must 
As X, > 0, pk > 0, this implies that X, = pk and t, = s, . Removing the last 
terms from the sums in (2.7), and proceeding inductively, we obtain 
(8, h, , xl ,..., x t t k , o , 1 ,..., tk) = t$ PO , h ,... , tLk , ~0 , ~1 ,..., Sk), 
the last equality & = p. following from the result 
x0 + 4 + '.. + A, = h, + pl + "' + pk * 
Thus Gk is continuous and one-one on Tk , and so is a homeomorphism on any 
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compact subset of Tk . Now Tk is a .X,-set, being the union of the compact sets 
defined by 
0 < 8 < 2-n - (I/n), 
0 < A, < 1, (l/n) < A,, (l/n) < Aa ,..., (l/n) <A,, h, + A1 + **+ + A, = 1, 
0 = to, (l/n) & I tl I, I tk I < 1 - (l/n), I4 I - I tr4 I 2 (l/n), i = 1,2 ,..., k, 
for n = 1,2,... . As BE is a ‘SB-set contained in the X,-set Tk, on which (Lk 
is continuous and one-one, it follows that 
is a gaO-set. As this holds for each k > 0, 
is also a gs,-set. 
We now study the points of the diametral set D. If 01 E N, then there is a t with 
(cc, t) E B, so that 
(COS a, sin 01,0,0 ,...) = $(cos 01, sin 01, 4(t)) + $(cos a, sin 01, 4(-t)), 
and (cos OL, sin OL, 0, O,...) is not an extreme point, and so it not an exposed point 
of K. If OL $ N, and 0 < OL < 27r, we consider the continuous linear functional 
L, on I, , defined by 
Clearly 
L,(x, y, z, , x, ,...) = x cos 01 + y sin a. 
La(cos a, sin cx, 0,O ,...) = 1. 
All points of C are of the form 
2 = (%Y, Zl , z-2 Y) 
with x2 + ya < 1, and so satisfy 
La2 < 1. 
All points of D, other than (cos OL, sin 01,0, O,...), are of the form z = (cos 8, 
sin 8, 0,O ,...) with 0 f: OL mod 2~7, so that again 
La2 < 1. 
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As OL $ N, 0 f OL < 2~, all points of E are of the form z = (cos 8, sin 0, +( *t)) 
with 0 f 01 mod 2rr, so that again 
L,z < 1. 
Thus L,z < 1, for all z in C u D u E, other than (cos 01, sin OL, 0, 0 ,... ). So this 
also holds for all z, other than (cos (Y, sin a, 0, O,...), in K = conv(C u D u E). 
Thus, in this case, (cos 01, sin 01,0, O,...) is an exposed point and so is an extreme 
point of K. We conclude that the set of extreme points of K (and equally the set 
of exposed points of K) meets the closed set D in the non-Bore1 set of points 
(cos 01, sin 01,0,0 ,...) with ol$ N, 0 < d < 27r. 
Remarks. (a) In this example the set of exposed points is not a Bore1 set. 
(b) The set of points of the form (x, y, zr , za ,...) with 
x2 +y2 < 1, I 3 I d (6>2i-1> i = 1, 2,..., 
is easily seen to be a compact subset of 1, containing the set K. Hence K is a 
%O,B,-set. Example 5 below is a .X&set in I, , whose extreme points do not form 
a Bore1 set. (c) The set K+ of all points (x, y, .zi , z2 ,...) of K, with z, > 0, is 
clearly a convex 9,,-set. Further, the image of K+ under the continuous projec- 
tion, defined by 
(x, Y, Zl 3 % ,*a* ) - (3, y, 0, o,...>, 
is the union of the disc of points 
(xv y, 0, O,...), x2+y2 < I, 
with the set of points 
(cos 8, sin 0, 0,O ,...) 
with 0 in N. So K+ is a convex Bore1 set whose projection is not Bore]. 
Our next example is in some ways very similar to an example given by Bishop 
and de Leeuw [2, pp. 327-3281; but, while they constructed a nonmetrizable 
compact convex set, we construct a noncompact closed convex set in a metric 
space (that is, in fact, a Banach space). The idea behind the construction is 
similar to that behind the construction of Example 1, but now, by lifting up 
into a nonseparable space of measures and, by utilizing the special properties of 
such spaces, we are able to obtain a closed convex set whose extreme point set is 
pathological. 
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EXAMPLE 2. Let F be any subset of the circle 
s+y2 = 1. 
Let Jl[O, I] be the Banach space of signed regular Bore1 measures p on the unit 
interval [0, I] with the norm 
Then there is in A[O, l] a closed bounded convex set, whose extreme point set is the 
disjoint union of a closed discrete set with a set isometric with F. 
Construction. Let A denote the space of all triples (x, y, p) with x, y real 
numbers and p a signed regular Bore1 measure on [0,27r], or a Lebesgu&tieltjes 
measure on [0,27r], with the norm 
lb, Y, PII = I x I + I Y I + I’d I CL I- 
It is easy to verify that .A? is linearly isometric to a closed subspace of A[O, 11. 
Thus it will be sufficient to effect our construction in A!. 
Let N denote the set of all points 0 with 0 < 0 < 27r and (cos 0, sin 6) not in F. 
Let K be the set of all points (x, y, p) that have representations in the form 
x=xcos~+~2’cosed*+~2=cosedr, 
0 0 
y = Asin+ + 
s 
2nsinBdc+ 
s 
2Vsint9dT, 
0 0 
p=u-T, 
with 
(2.9) 
where 0 < 4 < 27r, X is a nonnegative real number, and D and -r are nonnegative 
regular Bore1 measures, each with a countable support contained in N. It is 
‘clear, from the linearity of the defining conditions, that the set K defined in this 
way is convex. Further, for each point (x, y, r) in K, 
on using (2.8) and (2.9). Hence K is bounded. 
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We prove that K is closed. Suppose that a sequence {(#), y(“), ~(k))}~~~ of 
points of K converges to a point (x(O), y(O), p(O)) of JH. Then 
II@ 
(k) _ x(o’, y’k’ - y(o’, p _ pLco,)ll + 0, 
ask-t co,sothat 
X(k) + x(o’, 
Y (k) -+ y(o), s 
2rr 
dip (k) - #O’ 1 ---f 0, 
0 
as k -+ CO. Choose Sk) to be a countable set contained in N supporting the 
measure pck), k = 1, 2 ,... . Write 
Then S(O) is a countable set contained in N. As CL(O) is the limit in norm of 
measures supported on S(O), it too is supported by S(s). 
Let p(lc), k = 0, 1, 2 ,..., have the decompositions 
p,(k) = a(k) - +k) k = 0, 1, 2 ,..., 
as differences of nonnegative measures with disjoint supporting sets. As all the 
measures are supported by the countable set S(O), it follows from 
that 
#k' + ,JO), 
uW) + ,,W, +4 - T(O', 
ask+co. 
Now, for each k >/ 1, we have 
s 
ar 
XW = h(k) ,,#k’ + cos 0 du’k’ + cos ~9 dTtk’, 
0 
2n 2n 
y(k) = X(k) sin+(k) + 
s 
sin 19 da(“) + 
s 
sin 8 d41c), 
0 0 
with 
J- 
297 
A(k) + 2n da’*’ + j- dGk’ < 1. 
0 0 
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So, for each ff with 0 < 01 < 237, 
do) cos 01 + y(O) sin LY 
= &i (X(k) cos a + y’“) sin a) 
= p-2 [P cos(c$(~~ - a)+ I”” cos(8 - Lx) d(o’k’ + Tq 
0 
[ I 
zrr d(u’“’ + T(“‘) + 1 
257 
= p.l 1 - cos(8 - a) d(o’“) + T(y 
0 0 1 
=I- J as d(a’0’ + T(O)) + s”” cos(tl - d) d(u(O) + T(0)). 0 0 
Hence 
237 [x(O) - s, cos e d(a(O) + T(O)) 1 cos 01 + y(O) - [ %’ Sin e d(ff(‘) + T(O))] Sin a 
< 1 - L2m C+(O) + 7(O)), 
for 0 < ol < 2~. So the point 
297 (E(O) - s, 
I 
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COS e d(U”’ + T(O)), y”’ - Sin e d(Uco’ + T(O)) 
0 
lies within the closed circular disc centered at the origin with radius 
1 - I’ d(d”’ + T(O)), 
and so can be represented in the form 
with 0 <+, < 2rr, and 
h,<l- 
I 
an d(Uco' + T’“‘). 
0 
Thus the point (x(O), y(O), p(O)) has a representation of the appropriate form, and 
so lies in K. This shows that K is closed. 
It is clear, from the way that the points of K have been chosen, that the extreme 
points of K are, the points of the form 
(cos a, sin 01, U(d)), 
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with 01 a point of N and u(a) the measure corresponding to a positive unit mass 
at 01, the points of the form 
(cos a, sin a, -7(a)), 
with OL a point of N and ~(a) the measure corresponding to a positive unit mass 
at 01, and perhaps some of the points of the form 
(cos a, sin 01,O). 
Let 8, , B- , and 6’,, denote these three classes of extreme points. Now, if pi , pa 
are two distinct unit point mass measures, either positive or negative, we have 
II/%- P2ll = 2, 
using the usual total variation norm. Hence, if e r , e2 are any two distinct extreme 
points in &‘+ u 8- , we have 
II el - e2 II 3 2. 
Hence 6+ u b- is closed and discrete. The complement of 8+ u b- is the open 
set that is referred to in the introductary description of this example. 
We now have only to identify Es with the natural embedding of F in A. If 
O<a<2nanda~N,then 
(cos a, sin 01, 0) = -&(cos d, sin 01, u(a)) + +(cos Ly, sin 01, -U(M)), 
with ~(01) the measure corresponding to a unit point mass at the point CY of N. 
Thus, in this case (cos 01, sin a, 0), is not an extreme point of K. On the other 
hand, if 0 < ol < 2rr and ol$ N, we study the linear functional 
Clearly 
L,(x, y, p) = x cos a + y sin LY. 
L,(cos a, sin a, 0) = 1. 
Also, for the typical point (x, y, CL) of K we have 
L,(x,y,p) = xcoscu+ysina! 
= x cos(qh - a) + s,“” cos(8 - CY) d(u + T) 
<h+/2Td(u+T) < 1. 
0 
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Now we have 
4x(% Y, P) < 1, 
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further, if X # 0, we must have $ = m, and if X # 1, we must have 
I 2cd(u+T) >o, 0 
and 0 + 7 must be a measure concentrated at 8 = CL. But as (Y #N, u + T 
cannot be concentrated at ~1. Hence A = I,$ = 01, and the point concerned is the 
point (cos 01, sin 01,0). Thus (cos 01, sin o1,O) is an exposed point of K, in the 
case when 01$ N, 0 < 01 < 2~7. In this way we have shown that go is the set of 
points (cos 01, sin a, 0) with (cos CY, sin CX) in F. 
It remains to note that any measure that is supported by a countable subset of 
N can be approximated in norm by a measure supported by a finite subset of N, 
without increase of norm, and to observe that this makes it easy to show that K 
is the closure of the convex hull of its extreme points. 
Remarks. (a) On the continuum hypothesis, the set F can be chosen so that, 
neither F, nor its complement with respect to the circular circumference, 
contains any perfect subset. With such a choice, the extreme point set 
L?+ u b- U go can support only atomic measures (i.e., measures with a countable 
supporting set). (b) The set K lies in the closed linear subspace LP of .A’ con- 
sisting of the points of the form (x, y, p) with X, y real and p a signed regular 
Bore1 measure with a countable supporting set contained in N. It is easy to see 
that 3 is isometric to the Banach space II(w,), where w, is the least ordinal with 
cardinal 2 + 1 NI, 
Our next examples are in some ways similar to both Examples 1 and 2. Our 
aim is now a closed bounded convex set in a separable Banach space with a 
non-Bore1 set of extreme points. To obtain a closed convex set it will be con- 
venient to use a space of measures defined on a gs-set B of the type used in 
Example 1. The 9*-set B has, of course, a natural embedding in the measure 
space as the set of unit mass measures placed at points of B. Our aim is to map 
a closed convex set of the measure space, containing the embedded set B, into a 
separable Banach space, so that B maps injectively into a closed bounded set. 
For this purpose we use a modified form of the standard method (see, for 
example, [6, pp. 189-1901) of mapping a 8,-subset of a complete separable 
metric space homeomorphically onto a closed subset of [Wm. The standard 
method is devised to throw points that are, in a suitable sense, near the boundary 
of the gB-set into points far from the origin, and so the resulting set is unbounded. 
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We replace this technique by mapping the points near the boundary to points 
on the unit ball of an II with the indices of nonzero coordinates all large (or, 
alternatively, to points on the unit ball of ca , with the indices of all their small 
coordinates all large). 
EXAMPLE 3. There is in II a closed bounded convex set, whose extreme points 
do not form a Bore1 set. 
Construction. Let R denote the closed rectangle of points (8, t) satisfying 
Let B be a 3,set contained in R, but containing no point with 0 = 2?r, with the 
projection of B on the line t = 0 not a Bore1 set. Then we can write 
with FI , F2 ,... a nondecreasing sequence of closed subsets of R. Let Zr , .Z’s ,... 
be an enumeration of the closed circular discs in the plane that have rational radii 
and rational coordinates for their centers. Let HI , H, ,... be an enumeration of 
the nonempty closed sets of the form 
1 z 1, 1 < m(1) < m(2) < a** < m(s), s 3 1. 
Let A, , j = 1, 2 ,..., be the function, from R to the extended real line, defined 
by 
4% t) = {d((& 4, HW, for (4 t) # Hj , 
= +a, for (0, t) E Hi , 
d being used for the Euclidean distance of a point from a nonempty set. Each 
function Aj is continuous from R to the extended real line and is finite-valued 
on B. 
For each positive number A, we define a point +(A) in Z, by taking the ith 
component of +(A) to be 
&(A) = sin2 +(A - i), if A<i<A+2, 
= 0, otherwise. 
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Note that this ensures that 
= sin2 +&(A - ;) 
A<i<A+Z 
= 1, 
since the sum either contains just one nonzero term equal to 1, or contains just 
two nonzero terms of the forms sin2 A, sin2(A - &r) with sum 1. We extend this 
definition by taking 
+((+=)j = 0. (2.11) 
We introduce a Banach space /, consisting of elements of the form 
z = (%Y, 21, 22 ,...>, 
where X, y are real numbers and x1 , x2 ,... are elements, chosen from II , so that 
the series 
f 2-* II zj III 
14 
converges. We define the norm on 4, by 
II Zll = I x I + I Y I + f 2-j II zj III ; 
j=l 
then 8, is clearly a Banach space linearly isometric with 4 . 
We define a set K in eI in terms of parameters consisting of a nonnegative 
real number A, an angle 4, and a signed regular Bore1 measure TV on R. The 
measure p is decomposed in the form TV = u - r with u, 7 nonnegative measures 
on R that are supported by disjoint Bore1 sets. The parameters, in most of the 
argument are restricted by the conditions 
(2.12) 
s da = s dr = 0. R\B R\B 
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Corresponding to each set of parameters h, +, CL, we introduce the point Z(h, 4, CL) 
with “coordinates” defined by 
y = X sin+ + 
s 
sin 0 d(cr + T), 
R 
Zj = 
s 
V(dj(o, t>> 4, j = 1, 2,..., 
R 
here we use an abbreviated notation, each Zj is an element of I1 with ith coordinate 
s R #i(dj(e, t)) 4, 
i = 1, 2,... . 
Our definitions ensure that each coordinate function #&(e, t)) is continuous on 
R, so that all the integrals exist. As all the integrals are nonnegative, we have 
< I 1 do = da, R s R 
on using (2.10) and (2.11). Similarly 
IIzjIIl=f 11 Sl(dj(e,t))d(o-Tr)I GjRd(u+T)G1* 
i-1 R 
We also have 
1x1 +jyi <2h+2/Rd(o+T)<2. 
Hence 
II q, 6, P)ll < 2 + 2 2-j II xi Ill < 3. 
j=l 
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Thus 2(X, p, CL) is a properly defined point of /, , with norm not exceeding 3. 
We take K to be the set of all such points Z(h, $, CL) corresponding to parameters 
A, +, p satisfying (2.12). Then K is bounded. 
We prove that K is convex. Let htk), $tk), ~(~1 for k = 1,2 be sets of parameters 
satisfying the conditions (2.12). Supp osealsothat.$>O,[>O,f+[=l.We 
need to find the appropriate parameters to represent the point 
@(h(l), p, p(l)) + @y/P, p, p(2)). 
We have 
Write 
P (1) = &) - $4 II (2) = ($2) _ 42). 
$3' = ,yl) + &p) = a(3) - +3), 
with uf3), ~(~1 nonnegative measures that are supported on disjoint Bore1 sets. 
As some cancellation may occur, we do have 
u(3) < &r(l) + &J(2), T(3) < .yl’ + [T(2), 
but do not, in general, have equality. Write 
g* = 5;\(l) cos p’ + {X(2) cos p + j cos e dw*, 
R 
y* = [h(l) sin+(l) + cAt2) sin+(2) + 
J 
sin 0 dw*, 
R 
with w* the nonnegative measure defined by 
w* = &'l' + 5(92' _ u(3) + p + 5+2' _ ,(3)* 
Choose X(a), +(s), with 0 < ht3), 0 < $f3) < 297, so that 
x* = h(3) cos q(3), y* = h(3) sin 9~'~). 
Consider the point Z(X(3), +c3), pc3)). We have 
h(3) = x* COS+(~) + y* sin$f3) 
= LJh(" cos(cp - cp') + ip cos(c#J (2) - +(a’) + jR cos(0 - c/(3’) dw* 
< .p) + [A’~’ + s do.,* R 
= f (A(” + 5, d(&’ + .fl))) + 1 (U2’ + I, d(ut2’ + T(~))) 
- d(uf3’ + ~(~1) 
s R 
< 6 + 5 - j d(uc3’ + T(~)) = 1 - j, d(u’3’ + Tt3)). 
R 
274 JAYNE AND ROGERS 
Thus the parameters ht3), @3), p (3) satisfy the conditions (2.12), so that the point 
Z@(s), 4(s), ,u(~)) lies in K. Now the X, y components of Z(Af3), +t3), ~1’~)) are 
X(3) = X(3, cos#3) + 
f 
cos e d(o’3’ + 43)) 
R 
= x* + s cos e d(a’3’ + T’“‘) R 
= 5 (hcl) cos @l) + s, cos e d(a’1’ + 41’)) 
+ 5 (X2’ cos f2’ + 1 cos e d(d2’ + Tc2’,) 
R 
= &(l) + 5x(2), 
and, similarly, 
Further 
Hence 
= ,$,!l) + &!2’ 3 3 8 j = 1, 2,... . 
2(#3), y(3), p(3)) = &zyh(l’, p, $1’) + ,(W, I$?@‘, $2’). 
This shows that K is convex. 
The next step, and the main difficulty, is to show that K is closed. Suppose 
that 
z(O) = (x(O), y(O), zio’, zp ,...) 
is any point of 8, and that .Dk), k = 1,2,... is a sequence of points of K converging 
to Z(O) in 8 1' 
Let 
z(k) = z@(k), +(k), #k’) 
be an appropriate parametric representation of the point Z(lc), as a point of K, 
fork = 1, 2,... . Let p(k) have the decomposition 
#k’ = u(k) _ +k) 
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and suppose that the conditions (2.12) are satisfied. Our aim is to show that Z(O) 
belongs to K, first we need to identify parameters that will be appropriate for the 
necessary representation of Z(O). 
Now the set of nonnegative regular Bore1 measures u on R with 
I da < 1, R 
is compact and metrizable in the weak topology. It follows that it is possible to 
find real numbers h*, #*, and nonnegative regular Bore1 measures CT*, T* on R, 
with 
0 < A*, 0 < +* < 297, 
such that, when {Z@)} is replaced by a suitable subsequence of itself, we have 
X(k) + x*, +k’ -+ y*, mod 2~, 
u(k) --+ u*, T(k) --t T*, 
as k -+ co, the convergence of the measures being in the weak topology. 
AS each function #i(d,(B, t)) is continuous on R, we have 
As the sequence Z(A(k), +(lc), IL(“)) converges in I; to Z(O), this last limit is equal to 
the ith coordinate of zp. Hence, using coordinate-wise integration, 
s cp(~$(B, t)) d(u* - T*) = zj(o). R 
Similarly 
A* cos +* + s, cos 0 d(u* + T*) = x(O), 
Write 
h*sinr$* + J sin 0 d(u* + T*) = y(O). 
R 
$0’ = u* _ T* = u(o) - T(o) , 
with u(O), T(O) nonnegative measures that are supported by disjoint Bore1 sets. 
Because of the possibility of cancellation, the parameters h*, $*, p(O) will not, in 
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general, he suitable for our purpose. But, just as in the discussion of the convexity 
of K, we write 
x* = A” cos +* + jR cos 6 dw*, 
with 
y* = h*sin$* + 
s 
sin 8 dw*, 
R 
w* E.z o* - o(O) + r* - *(O), 
and choose h(O), 4(O), with Ato) > 0, 0 < #to) < 2rr, to satisfy 
x* = X(0’ cos rp', y* = h(O) sin fp(O). 
Now, as in the discussion of convexity, the parameters h(O), 4(O), p(O) satisfy 
0 < X(O), 0 < #O) < 2Tr, 
A(O) + 
s 
d(o(O’ + do’) < 1, 
R 
and 
Z@(O), #O), $0’) = Z’O’. 
Thus, to prove that Z(O) is in K, it suffices to prove that 
da(O) = s dd”’ = 0. R\B (2.13) 
We suppose that one of these integrals is not zero and seek a contradiction. 
Suppose, for example, that 
s 
d4O’ = E > 0; 
R\B 
the other case is similar. Let So and ST be disjoint Bore1 sets that support the 
measures u(O) and T(O). Then we can choose closed sets Fa and FT with 
Fa C So, FT C ST, 
and 
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Then 
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= dr’O’ - + = E - + = (S/10) .c. 
But R\B is the increasing union 
So, for some Y > 1, we have 
s F,nF’ dT(O) > (8/10) E. 
As Fo and F, n Fr are disjoint closed sets, we can choose m(l), m(2),..., m(s), so 
that 
and 
Then there is a positive integer j, with 
Hj = F, n GW u &tz) u - u 44; 
and for this j, with which we shall work for the rest of the argument, 
F”nHj = m flnF,CH,CF,.. (2.14) 
Hence 
s dT’O’ 3 s d+O) 3 (8/10) E, H5 Fvn F+ 
and 
(2.15) 
s d&O) < s d&O - x5 R s do(O) < &. P 
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Now, by the definition of Aj , 
Hi = fi ((8, t) 1 A,(& t) 2 i}. 
i=l 
Hence, provided I is chosen to be sufficiently large, 
s A,(e.tL%z do(O) < (2/10) E. (2.16) 
Let a:!’ denote the ith coordinate of the point $” of 1,. Then 
g1 I 4” I 
converges; and we can choose I to be so large that (2.16) holds and 
Then we can, using the convergence of 2 w to Z(O), choose K. so large that 
iI I 4:) I d (2/10) E, (2.17) 
for k > k, . But 
= SC R ,, 1,$(A~(f3, t)) d(dk’ - dk)). 
Now introduce a new function on R, by taking 
m 
ul,P, 4 = 2 ww4 t)), if Aj(B, t) < +m, 
i=I 
= 1, if A,(O, t) = +co. 
Although, by our convention 
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when di(8, t) = co, it is the function YJ,e, t) that is continuous on R, rather 
than the sum 
But the sum and the function coincide on the set B that supports both the 
measures @), 0. Hence 
2 1 z:y 1 > J-, Y,@ t) d(T(k) - u(k)). 
i=I 
So, using the continuity of Y,(e, t), and the weak convergence of the measures, 
there is a k, , so that 
= 
s 
yl,(e, t) dpo) - 40)) - +, 
R 
for k > k, . But 
so that 
d,(e, t) = +CO on Hj , 
and 
we t) = 1, on Hj , 
y,u,(e, t) = 0, if d,(e, t) < I - 2; 
with the consequence that, for k > k, , 
> (8/10) E - (2/10) E - + = (S/10) E, 
on using (2.15) and (2.16). This contradicts (2.17), when we take k > max{&, , k,}. 
Hence (2.13) holds, and so K is closed. 
It follows, just as in the previous examples, that the extreme points of K in the 
closed two-dimensional space; defined by 
are just the points of the form 
(cos a, sin 01, 0, 0 ,... ), 
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with 0 < 01 < 2a and 01 not in N. Hence the extreme points of K do not form a 
Bore1 set. 
Remarks. (a) In this example, the exposed points do not form a Bore1 set. 
(b) Let K+ denote the set of all points 2(X, 4, p) with A, +, p satisfying the 
conditions (2.12) and 
x = 0, T = 0. 
Let K- denote the corresponding set with the condition 
h = 0, 0 = 0. 
Now no “cancellation” can occur, and it is rather easier to verify that K+,K 
are closed bounded convex sets in & . But the convex hull 
conv{K+ u K-} 
is not a Bore1 set, its intersection with the circle A+ + y2 = 1 being precisely the 
set of points 
(cos a, sin 01, 0, 0 ,...) 
with 0 < 01 < 2rr and CY E N. 
EXAMPLE 4. There is in c,, a closed bounded convex set, whose extreme points 
do not form a Bore1 set. 
Construction. This construction is so similar to the construction of Example 3 
that we shall only indicate the modifications that are necessary. The rectangle R, 
the 9Y6-set B, the closed sets HI , H, ,..., and the continuous functions A, , A, ,... 
are chosen just as before. But, for each positive number A, we define a point 
+(A) in cs by taking the ith component of +(A) to be 
#i(A) = 1, if i<A, 
= cos2 +(A - i), if A<i<A+l, 
= 0, if A + 1 G i. 
This ensures that +(A) belongs to c,, , with 
We extend this definition by writing 
?ufm) = 1, i = 1, 2,..., 
+(+a) = (1, 1, L...), 
but we shall need to remember that +( + co) is not in c,, . 
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We introduce a Banach space co consisting of elements of the form 
.z = (GY, 21 , 22 v..), 
where x, y are real numbers and q , z2 ,... are elements of c,, , so chosen that 
as j + 00. We define the norm on E,, by 
II 2 II = SUP0 x I) I Y I, F-1 II 21 llm , F2 II 22 IL ,..*>; 
then c,, is clearly a Banach space linearly isometric with c,, . 
The set K is defined in terms of parameters h, 4, p in the same way, the 
parameters satisfying precisely the same conditions. But we do have to check 
that the points 2(X, 4, p) are properly defined as points of c0 . As before we have 
0 B j- Wj(4 t)) do < 1 do < 1, 
R R 
O</ MWU))ddj- dT<l, 
R R 
for i = 1,2,..., so that 
zip j s, vW’,(4 9) 4 ) G 1. 
Now, as p is supported by B, and Hj n B = o, 
I dlpl =O. Hj 
But 
Hi = fj ((0, t) 1 A,@, t) > i}. 
i=l 
Hence, if E > 0 is given, I can be chosen so that 
s dlpl GE, dj(e,t)>i-l 
for i >, I. Since 
ww, t)) = 0 for i > dj(e, t) + 1, 
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< s dlpl GE, d&0.t)>i-1 
for i > I. Thus the sequence 
s R 1G,W4 4) dp, 
i = 1, 2,..., 
converges to zero, and the point 
I W’iUt G> dp R 
belongs to cs , for j = I,2 ,..., as required. As before, it is easy to verify that the 
point 
-w 4, PL) 
belongs to co and has norm not exceeding 1, provided h, 4, p satisfy the conditions 
(2.12). 
The proof that K is bounded and convex is, word for word, just as before. The 
proof that K is closed starts in precisely the same way as in Example 3, using 
convergence in J,, rather than in /, , until we are seeking a contradiction and we 
come to the choice of the integer I. We need to choose I to satisfy 
s A,@.tb-1 da(O) < (2/10) E, 
for all i > I, and so that 
Then, using the convergence of Z(“) to Z(O) in ~~ , we can choose K, so large that 
sup 
SW 
for K 3 k, . 
We have 
sup 1 zj’,) 1 > sup {-a$’ ‘I 
ix ix 
zji”’ 1 < (2/10) E) (2.19) 
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As #&l,(f!?, t)) is nonincreasing as i increases, this gives 
So, using the continuity of $,(dj(e, t)), and the weak convergence of the measures, 
there is a k, so that 
for K > K, . But 
so that 
and 
d,(e, t) = +CO on Hj , 
hut t) = 1 on H, , 
IcIxe, t) = 0, if d,(B, t) < I- 1; 
so that, for K > Kr , 
>, @/lo) E - (2/10) E - &Je = (5/10) c, 
on using the analog of (2.15) and (2.18). This leads to a contradiction as before, 
and shows that K is closed. 
The extreme points of K can be studied just as before. 
Our final example is obtained by a suitable injective linear map of Example 3 
into I2 . 
EXAMPLE 5. There is a relatively compact, convex, xgs-set in I, , whose extreme 
point set is not a Bore1 set. 
Construction. Let K be the closed bounded convex set in lr , constructed in 
Example 3, so that its set of extreme points is not a Bore1 set. Let 4: I, -f Is be a 
continuous linear injective map of Zr into 1, . Then I+(K) is a convex set in I, , and 
+ preserves the extreme point structure of K. If the extreme points of +(K) 
formed a Bore1 set in 1s , then those of K would form a Bore1 set in Zr . As this 
is not the case, the extreme points of g(K) do not form a Bore1 set. Hence, to 
complete the construction it s&ices to prove that: If X is a separable Banach 
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space, there is a continuous linear injective map + of X into 1, that maps closed sets 
of X into F,,-sets of 1, , and maps bounded sets of X into relatively compact sets of 1, . 
We remark that, 4(X) can not be a g8-set in 1, , unless X isJinite-dimensional. 
We take {xl}~~~ and {ys}~~~ to be two disjoint countable dense sequences in X. 
For each pair of positive integers r, s choose xr*, , in the dual space X*, so that 
llx~sll = 1, (Ys - x, 3 $2 = II Ys - xr IL 
We study the linear map 4: X--f 1, , defined by 
4(x) = bM4>TA=1 3 
with 
&(X) = 2+yx, xr*$. 
It is easy to verify that 4 is continuous and injective. 
For each r > 1 and each p > 0, let C (x, , p) denote the closed spherical ball 
of points x with /Ix - x,/I < p. We study the image of C (x, , p) under 4. 
Consider any point x in d(X) that is not in +(x(x7, p)). Then z = 4(y) with y 
not inC(x, , p). So )I y - x, II > p. Write 
6 = II Y - XT II - f* 
Then it is easy to verify that, for each point x of x(x, , p), we have 
but 
h(X) = &x(x,) + 4TS(X - XT) G Mx+) + 2-‘-40, 
MY) = +r&4 + MY, - 4 - MYS - Y) 
= Mxc) + 2-‘-” II ys - x, II - 2+-Yy, - y, x3 
3 Y$,(x,) + 2--T--s(P + iq. 
Thus the points z’ of g(X) within distance $2-‘-56 of the point z = 4(y) have an 
(Y, s)-coordinate greater than 
4&J + 2+.‘p, 
and so do not lie in 4(x(x,. , p)). It follows that (p(C(xr , p)) is closed relative 
to 4(X). 
Now, if G is open set of X, G is the countable union of those sets x(x, , p), 
with p rational, that are contained in G. So, if G is open in X, 4(G) is a relative 
.%-set in g(X). Hence, if F is closed in X, then c#(F) is a relative 3’,-set in 4(X). 
Thus 4 is a generalized homeomorphism of class 0, 1 from X to 4(X), see 
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[lo, pp. 373-3741. It follows, from a generalization of Lavrentiev’s theorem (see 
[lo, p. 4361) that 4 maps X to a S&-set in 1s . 
If B is a bounded set in X, then 4(B) is contained in the compact set in I, of 
points {x,,} with 
So 4(B) is relatively compact in 1, . 
It remains to consider the case when +(X) is a g8-set in Z2 . Let L be the 
closure of 4(X) in I, . Then L is a closed linear subset of Is and 4(X) is a dense 
Y8-set in L. It follows, by a theorem of Banach [l, p. 221 that 4(X) coincides with 
L and so is closed. By the closed graph theorem, + maps X homeomorphically 
to L. Now 4 maps the unit ball of X homeomorphically to a compact set in Is . 
Hence X can only be of finite dimensionality. 
Remarks. (a) Let 2 be any infinite-dimensional Banach space. Then 2 
contains a basic sequence, i.e., a sequence that is a basis for the closure of its 
linear span. Let {e,,}~,=, be a suitably indexed basic sequence in 2 consisting of 
elements of norm 1. Now define +rs: X -+ [w as above, but define 4: X+ 2 by 
It is easy to verify that 4 is a continuous injective map of the separable Banach 
space X into the infinite-dimensional Banach space Z, that 4 maps closed sets 
of X into S&-sets in Z, and that + maps bounded sets of X into relatively 
compact sets of 2. It follows that any situation, that can be described solely in 
terms of the linear structure and the Bore1 structure of a space, and that can be 
found in some separable Banach space, will also occur, at a displaced position in 
the Bore1 hierarchy, in any infinite-dimensional Banach space. (b) As a conse- 
quence of Remark (a), each infinite-dimensional Banach space contains a relatively 
compact convex F&-set, whose extreme point set is not a Bore1 set. 
3. NOTE ADDED APRIL 1976; SOME POSITIVE RESULTS FOR POSITIVE CONES 
Examples 3 and 4, above, are closed bounded convex subsets of Zr and c, , 
respectively, whose sets of extreme points are not Bore1 sets. In this addendum 
we obtain a positive result showing, in particular, that such examples cannot be 
constructed in the positive cones of Zr and c,, . 
It is convenient to state the result in terms of a Banach lattice. We recall that a 
Banach lattice X is a partially ordered real Banach space with the property that, 
for all x, y, z in X and all real 01 >, 0, 
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(1) x < y implies x + 2 < y + 2; 
(2) x 3 oimpliescllx 30; 
(3) the join x v y and the meet x A y exist; 
(4) 1x1 Gl~limpWl4 GIIYII. 
Here 1 x 1 = x v (-x). The positive cone X+ of X is the set of x in X with 
x > o. We prove the following results. 
Let X be a Banach lattice and let K be a convex RO-set, contained in X+, with the 
property that, for each y in K, the set of points x with o < x < y is compact. Then 
b(K) is a g6-set in K. 
If K is a convex SO-set in co+(F) or in Z,+(P), 1 < p < cc, for any set r, then 
6(K) is a Y,-set in K. 
Write 
K= fi K,,, 
n=1 
with K,CK,CK,C..* and K,,K,,K,,... all closed. A point x of K fails 
to be an extreme point, if, and only if, there is some point y with 
Hence 
YEK 2x-yy~K, II x - Y II > 0. 
W)=K\&L 
?L=l 
where H,, is the set of points x of K, with the property that, for some point y, 
YE&, 2x-yy~K,,, II x - Y II 2 l/n. 
Thus, it suffices to show that each set H,, is closed in K. 
Let {xi} be a sequence of points of H,, converging to some point x, of K. We 
show that, in fact, x,, E H,, . For each i > 1, we have xi E K,, , and we can 
choose yi with 
Write 
Y~EK,, 2xi-yiEKn, II xi - Yi II t l/n. 
Zi=~~Y,+~-~lyyi-2X~~~ 
A~y~~K,CX+andx,~KCX+,wehave 
&Yi - x0 < I &Yi - x0 I G *Yi + X, 9 
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and so 
0 <gz, =~+~(Y~-2xo)-~aY~-2%1 <x0- 
By our hypotheses, the set of points z, with o < z < x,, , is compact. So we 
can choose a point z,, , with 0 < &, < x0 , and a subsequence I of the positive 
integers, so that 
zi -+ 20 as i ---f co through I. 
By the definition of zi , we have 
yi - Zi = * I 2X, - Yi I - 4(2xO - Yi), 
so that 
O G Yi - Zi = * 12x0 - yt 1 - &(2X0 - JQ) 
= 4 I(Yi - 2%) + 2(Xi - %)I - @I3 - yi) 
G s I Yi - 2% I + I xi - x0 I - 9(2&J - yt). 
AS 2xi - yi E K,, C X+, we have 
4 I yi - 2% I = !$Xi - Yib 
so that 
0 < yi - zi < (Xi - x(J) + 1 xi - x0 1 
Hence 
II Yi - Zi II < 2 II xi - X, II + O 
as i + CO. Thus, as i + co through I, the point yi like zi converges to z. , and 
2X0 - 20 = $ (2Xi - yi). 
id 
As K, is closed, 2x, - z. belongs to K, . Further x,, belongs to K, and 
II 20 - xO II = i& II Yi - xi II 2 lin. 
id 
Hence xs E H,, and H, is closed, as required. 
It is easy to verify that, in the spaces co(r) or in Z,(r), 1 < p < 00, if o < y, 
then the set of points x with o < x < y is compact. Hence the second italicized 
result follows from the first. 
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